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Abstract. Let X be a topological space upon which a compact connected 
Lie group G acts. It is well-known that the equivariant cohomology Hg (X;Q) 
is isomorphic to the subalgebra of Weyl group invariants of the equivariant 
cohomology Hy(X;Q), where T is a maximal torus of G. This relationship 
breaks down for coefficient rings k other than Q. Instead, we prove that under 
a mild condition on k the algebra (X,k) is isomorphic to the subalgebra 
of Hj{X,k) annihilated by the divided difference operators. 
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Introduction 

Consider a topological space X and a compact connected Lie group G acting 
continuously on X. A useful invariant of the G-space X is Borel's equivariant co- 
homology algebra Hg(X;k) with coefficients in a commutative ring k. Let T be 
a maximal torus of G. It is well-known, and easy to see, how the G-equivariant 
cohomology relates to the T-equivariant cohomology, at least when k is the field of 
the rationals Q, namely the projection px : Xy — > Xq induces an isomorphism from 
Hq (X; QJ to the Weyl group invariants in Hy (X; Q). (See for example the standard 
references ]2\ \V2\ [18].) 

The aim of this paper is to clarify the situation for more general coefficient rings 
k. In general, the map from Hg(X;k) to Hy(X;k) w is neither injective nor 
surjective. (See Example 1 1 . 1 31 and Section [4] for examples.) Our first main result, 
Theorem I1.10[ says that the action of the Weyl group W on Hj(X;k) extends to 
an action of Demazure's algebra of divided difference operators (which is called the 
nil Hecke ring in [I9])0 Our second main result, Theorem I2.6| is valid under the 
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assumption that a few special primes associated with the group G are invertible 
in k. This assumption ensures that is infective. Theorem 12.61 states that the 
image of consists of the T-equivariant classes that are annihilated by all divided 
difference operators. However, there is a fairly natural condition, stated in Theorem 
12.101 under which the image of p^ is equal to Hj(X;k) w , namely that the roots of 
G should not be zero divisors in the module Hj(X;k). 

The main applications given here are the results of Section [5] which generalize 
classical theorems of Borel on the cohomology of equal-rank homogeneous spaces. 
In future work we hope to apply our results to the theory of Hamiltonian actions. 

All these facts have parallels in certain other equivariant cohomology theories, 
such as equivariant Chow theory and equivariant K-theory, which we intend to 
explore in a sequel to this paper. Indeed, the Chow theory analogue of Theorem 
11.101 was established by Brion in |llj . 

This work is based on Grothendieck's notion of the torsion index, introduced in 
[16j , and on the calculus of the divided difference operators, which was initiated 
by Newton and a modern version of which can be found in Demazure's papers 
[l3t [14] and Bernstein, Gelfand and Gelfand's paper [5]. Our construction of the 
divided difference operators as "push-pull" operators in T-equivariant cohomology 
generalizes observations made by various authors, including Akyildiz and Carrell 
in [T], Arabia in [3], Bressler and Evens in [10], and Kostant and Kumar in [19]. In 
fact, our paper can be regarded as an effort to extend some of the results of |10[fl3] 
from a space consisting of a single point to arbitrary G-spaces. We learned about 
the torsion index from Totaro's recent work [26, 27]. Though we do not use much 
of the information on the torsion index unearthed by him (it suffices for us to know 
that it exists and what its prime factors are), we exploit some of his techniques, 
especially in our results on equal-rank homogeneous spaces. 

We are grateful to the American Institute of Mathematics for its hospitality and 
to Joseph Wolf for several helpful discussions. We thank Michel Brion and Sam 
Evens for their incisive comments on an earlier draft of this paper. 

1. Divided difference operators in equivariant cohomology 

Equivariant cohomology. Throughout this paper, G will denote a compact con- 
nected Lie group with maximal torus T and Weyl group W = Ng(T)/T, X will 
denote a topological space equipped with a continuous (left) G-action, and k will 
denote a commutative ring with identity. Borel and others have found close rela- 
tionships between torsion in the integral cohomology of G and that of its classifying 
space BG. The results of this section and the next are applications of their work. 
Many special cases of these results are well-known and go back to Borel's foun- 
dational paper [6]. Our presentation relies on Demazure's work [13] and Bressler 
and Evens' work [10], the methods of which enable us to express the G-equivariant 
cohomology of X as the submodule of the T-equivariant cohomology annihilated by 
a certain ideal of operators. 

Let Xg be the Borel homotopy quotient EG x G X of X and let H G (X;k) = 
H*(Xc;k) be the G-equivariant singular cohomology with coefficients in k. Sim- 
ilarly, we have the T-equivariant cohomology Hy(X;k) = H*(Xj;k), where Xj = 
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EG x T X. The canonical map 

Px : Xt — » Xg 

is a locally trivial fibre bundle with fibre G/T. It will be convenient to choose 
a preferred fibre of px- Choose a basepoint eo € EG and (if X is nonempty) a 
basepoint xq e X, and define ix: G/T <—) Xj by ix(gT) = T(g _1 eo, g _1 xo). Then 
ix is an embedding and its image is the fibre of px over G(eo,xo). If X is a single 
point, in which case Xj = BT and Xg = BG, we write ix = i and px = P- Writing 
pr T : Xy — > BT and pr G : Xg — > BG for the canonical projections, we have a pullback 
diagram 

X t ^Xg 

(1) 

BT — -> BG, 

in which the vertical maps are fibre bundles with fibre X and the horizontal maps 
are fibre bundles with fibre G/T. 

Let X(T) = Hom(T, U(1)) be the character group of T. Let S = S(X(T)) be the 
symmetric algebra (over the integers) of X(T) and S w the subalgebra of Weyl group 
invariants. The inclusion map S w — > S is split injective and hence the induced map 

S w ®x k — >S® z k 

is split injective. For any Z-module M, let us write M ®z k = M^. We shall 
identify (S w )k with its image in Sk- For each character A 6 X(T), let L(A) be 
a copy of C equipped with the T-action (t,z) i— ) A(t)z. We view L(A) as a T- 
equivariant complex line bundle over a point and let Lx(A) = (ET x X x L(A))/T 
be its extension to Xy. The map X(T) -> H T (X;Z) which sends A to Ci(L x (A);Z), 
the Chern class of Lx(A), induces a ring homomorphism S — > H T (X; Z). Extending 
scalars to k gives a degree-doubling homomorphism of k-algebras 

c x :S k ^H T (X;k), 

called the characteristic homomorphism of X. The characteristic homomorphism 
of a point Sk — > H T (pt;k) = H*(BT;k) is an isomorphism and from now on we shall 
identify Sk with H*(BT;k) via this isomorphism. When no confusion can arise, we 
shall write ua for a product Cx(u)q of elements u G Sk and a € H T (X;k). 

Divided differences. The natural Weyl group action on Xj induces a W-action 
on H T (X;k) and this combines with the Sk-module structure to make H T (X;k) a 
module over the crossed product or twisted group algebra Sk[W], which is the 
free Sk-module on W with multiplication given by 

HvGW ' ^w'GW ' w.w'eW 

Our first main result, Theorem ll. 101 below, says that the SkfW]-action on H T (X;k) 
extends naturally to an action of the algebra of divided difference operators. For 
type A root systems, these operators go back to Newton's Principia [24, Book III, 
Lemma V]. As far as we know, the definition for general root systems goes back 
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to [5] and |13| 114]. We will mostly follow the treatment given in \13\ I14j, although 
we adopt some of the conventions and notations of [21]. Let R C X(T) be the root 
system of (G,T). For every oc G R, let G a = Ze(ker(a)) be the centralizer in G of 
the codimension one closed subgroup of T fixed by oc. Then G a has root system 

{a, —a}. Let 

Va,x' Xy — > X G « 

be the corresponding projection with fibre G a /T. Let g a be the Lie algebra of G a 
and let jjg C g c be the root space of oc. The map g a — > obtained by composing 
the inclusion g a » 0c with the canonical projection Qc ~ * 0c m d uces an R-linear 
isomorphism g a /t = Qq. This gives us a complex structure on the tangent bundle 
of G a /T = P c and hence a natural orientation on the fibres of p«,x- Similarly, we 
orient the fibres of px by choosing a basis of R and by identifying the tangent space 
at the identity coset of G/T with the sum ® aGR where R+ is the set of positive 
roots. (This sign convention differs from that of [10].) With the orientations so 
defined, let 

px,*: H}(X;k) -> H* G (X;k), Pa , x ,*: H*(X;k) -> H* Ga (X;k) 

be the corresponding Gysin homomorphisms. Let N = |R + | = A dim(G/T). Define 
operations 6 of degree — 2N and S a of degree —2 on Hj(X;k) by 

6=P x Px,* and 6« = p« iX Pa,x,*- 

Occasionally we shall write 6 = 6x and 6 a = 6 a x to emphasize the dependence on 
X. These operations are functorial in two different ways. 

1.1. Lemma. The operations 6 and 6 a , for every root a, are contravariant 
with respect to G-equivariant continuous maps and covariant with respect to 
G-equivariant proper oriented maps. 

Proof. Let f: X — > Y a G-equivariant continuous map and let fj: Xy — > Yj and 
f g : Xg — > Yg be the maps induced by f . The square 



Yt^^Yg 

is Cartesian, so p x ,*fy = f qVy,* by the base-change formula. By naturality, f jPy = 

P X f G> 30 

Sxfl = PxPx,*1t = Px f cPY,* = ^tPyPy,* = Oy- 
Similarly, 6 a ,xfj = fjb<x,Y for all a G R. If f is proper and oriented, we get 
PY,*fT,* = fc,*Px,* by naturality and f"r,*Px = Py^g,* base change, which gives 
Syf t,* = fT,*6x- Similarly, 6 a ,YfT,* = fT,*6«,x for all a. QED 

Applying this result to the constant map X — > pt we obtain 6 x (u • 1 ) = 6 p t (u) • 1 
and 6 a x(u- 1) = 6 a>p t(u) • 1 for all polynomials u G Sk, where 1 G Hj(X;k) is the 
identity element. 
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1.2. Lemma. Let a be a root. Then 6 a (p^ x (b)a) = p^ x (b)6 a (a) for all a G 
H^(X;k] and b G H^ a (X;k). Hence 6 a (p^ x (b)) = and'b 2 a = 0. 

Proof. It follows from the projection formula that 

6«(P«,x( b ) a ) = Pa,xPa,X,*(P«, X ( b ) a ) = Pa,X ( b Pa,X,* (a) ) = p*_ x (b)6 a ( a) . 

In particular, 6 a (p^ x (b)) = p^ x (b)6 a (1) = 0, because 6a is of degree —2. The 
identity 6^ = follows immediately from this. QED 

1.3. Remark. Let p x : X/T -» X/G, q T : X T -> X/T and q G : X G -> X/G be the 
natural projections. If G acts freely on X, then X/T is an oriented fibre bundle over 
X/G, so we can define an operator 6 on H*(X/T;k) by 6 = p x px,*. Moreover, the 
square 

X T ^^X G 
X/T -^4 X/G 

is Cartesian and qy is an isomorphism. Arguing as in the proof of Lemma fTTTI we 
find 6q T = qj6, so the natural transformations 6 and 6 are isomorphic. For this 
reason we shall identify the natural transformations 6 and 6 on the category of 
free G-spaces. Likewise, for any root a, we let p«,x: X/T — > X/G a be the natural 
projection and define 6 a = p^ x Pa,x,* for a free G a -space X. Then 6 a qy = qj6 a . 
For an arbitrary G-space X, it is plain from the definitions that 6x = §egxx and 
6a, x = Soc egxx- In this manner, all questions regarding the operations b and b a 
can be reduced to the case of a free action. 

Next we show that the Weyl group action can be expressed in terms of the 
operators b a and that the 6 a satisfy an integration by parts rule. 

1.4. Proposition. Let a be a root. Then 

(i) s a — 1 — ocba, where s a G W denotes the reflection in <x and 1 denotes 
the identity operator on Hy(X;k); 

(ii) 6„(aia 2 ) = 6 a (ai )a 2 + s a (ai )6«(a 2 ) for all ai , a 2 £ Hj(X;k). 

Proof. We may assume without loss of generality that G = G,*. Then R = {a, —a}, 
Pa,x = Px and b a = b. We may also assume that G acts freely on X. (If it does not, 
replace X with EG x X; see Remark ll.3l ) We will prove the proposition by pulling 
up the fibre bundle X/T — > X/G along the projection map px- Let X' = X x T G be 
the quotient of X x G by the free T-action t -(x, g) = (tx,tg). Then G acts on X' 
by right multiplication on the fibre G. Let 

c X ':S k ->H*(X7T;k) 

be the characteristic homomorphism for X' considered as a T-space. The quotient 
of X' by G is X'/G = (X x T G)/G = X/T. With this identification, the map 
p X ': X'/T -4 X'/G becomes the map f: X'/T -4 X/T given by f([x, g]) = [x]. Here 
[x, g] G X'/T denotes the T-orbit of (x, g) G X x G and [x] G X/T denotes the 
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T-orbit of x G X. We define a second map h: X'/T — > X/T by h([x, g]) = [g 1 x] 
The square 



X'/T- — ^X/T 





f 











(2) 



X/T^4X/G 



is Cartesian. The section T of h. is defined by t([x]) = [x, 1] and the section cr of f 
is defined by cr(x) = [x, n a ], where n a G Nq(T) is a representative of s a . Lemma 

II, 11 gives 

h*6 x = 6x'h*, (3) 

where 6x' = Px'Px',* = f*f*. Note that h is induced by the G-equivariant map 
X' — > X defined by [x, g] t— > g _1 x. It follows that h is equivariant with respect to 
the given Weyl group action on X/T and the fibrewise Weyl group action on X'/T 
defined by W-\x, g] — [x, gn -1 ], where n G Nq(T) is a representative of w G W. 
Therefore 

h*(s«(a)) = s a (h*(a)) (4) 
for all a € H*(X/T;k). Because h is induced by an equivariant map, we have also 

h*(c x (u)a) =c X '(u)h*(a) (5) 

for all u G Sk and a G H*(X/T;k). Since h has a section, h* is injective, so because 
of ©-([l]) the proposition will follow from 

s a (b)=b-cx'(a)6x'(b), Sx'tbTba) =6x'(b 1 )b 2 + s a (b 1 )6 X '(b 2 ) (6) 

for all b, b 1t b 2 G H*(X'/T;k). Let £, = cr*(1) G H 2 (X'/T;k). See (U Sections 

III. 3-5] or [3 Section 2] for the following facts: 



6 X '(1)=0, 5 X '(t) = 1, s a (1) = l, Sflt (£,)=-t-f(cx(a)), 
t 2 + r(c x (a))^ = 0, c X '(a)=f*(cx(a))+2t. 



Since f is W-invariant, we have s a (f*(a)) = f*(a) for all a G H*(X/T;k). By the 
Leray-Hirsch theorem, the classes 1 and £, form a basis of H*(X'/T;k) regarded 
as an H*(X/T;k)-module via the map f*. Let b G H*(X'/T;k). Writing b = 
f*(ai) +f*(a 2 )f, with ai , a 2 G H*(X/T;k) and using 0, we find 

s a (b) =f*(a 1 )-f*(a 2 )(t + f*(cx(a))), 
b-c X '(a)6 X '(b) =f*(a 1 )+f*(a 2 )t-(f*(cx(a)) + 2yr(a 2 ), 

so s a (b) = b — Cx'(<x)6x'(b). The second equality in ([6} follows from (|7|) in a 
similar way. QED 

For any u G S = Hy(pt;Z), the difference u— s a (u) is uniquely divisible by a, 
so it follows from Proposition 1 1 .4lfi|) that 8 a p t is a divided difference operator on 
the polynomial ring S. 
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1.5. Corollary. Let k = Z and let pt denote the space consisting of one point. 
Then 

, , U-S,v(u) 



}<x,pt 



oc 



/or aZZ u £ S. 



This formula can also be found in [TJ and [TO]. It follows from this that, for an 
arbitrary coefficient ring k, the operator 6 aiP t on Sk is equal to cc _1 (1 — s a ) <8> idk- 

1.6. Lemma. The identities 

s a 6 a = 5 a , 6«s a = -5 a , 5_ a = -6 a , w6 a w _1 = 6 w(oc) 



/ioZd /or aZZ a € R and w 6 W. 



Proof. The identity SaS^ = 6 a follows from Lemma fl .21 and Proposition 1 1 .4l[T|) . 
From Corollary 11.51 we get 6 a (oc) = 2, whence, by Lemma [1.21 and Proposition 
OH, 



6 a f1 - a&. 



26, 



Replacing a with —a has the effect of reversing the complex structure on G a /T 
and thus reversing the sign of p a ,x,*- Therefore &_« = — 6 a . Finally, for any Weyl 
group element w, conjugation by w maps G a to G w ( a j and induces a biholomorphic 
map G a /T — > G w r a )/T. The action of w, viewed as a homeomorphism Xj —) Xj, 
induces a homeomorphism w: Xe a — > Xg v 



G«/T • 

Ad(w) 

G w (a)/T • 



->X 



. . , and the diagram 

Pcc.X 



-+Xr 



Pwf«),X 

X T > Xg v 



commutes. The square on the right is Cartesian, so wp 



naturality, wp 



w(a),X 



— Tp* a x w, and so w6 a w 1 = 6 V 



w( a) ,X,* 



p«,x,*w. By 
QED 



Our next result relates the operations &« to the operation 6. The proof is based 
on a commutative diagram 



G/T 



-+X7T- 



->X/T 



qx 



G/T X/T 



Px 



(8) 



pt 



->X/T 



->X/G, 



which is denned for every free G-space X as follows. The square on the right is as 
in ([2]). The object G/T is a Bott-Samelson variety. We recall the construction 
from [8, Section III. 4]. Choose a reduced decomposition 



Wo = Sp 1 Sp 2 • • • Sp N 



(9) 
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of the longest Weyl group element wo in terms of simple roots |3i , P2, ■ ■ ■ , |3n- 
Put cti = |3i and 

«k = Sp, Sp 2 • • • Sp k _, (pic) 

for 2 < k < N. Then {ai , ct 2 , . . . , a N } = R+- For 1 < k < N define 

G (k) =G ai x T G« 2 x T --. x T G ak , 

where the nth copy of T acts on G % x G an+1 by t-(g n ,g n+ i) = (g n t _1 , tg n+ i ). 
Put G = G* N '. The torus T acts freely on G by right multiplication on G« N . Let 
q: G/T — > G/T be the map induced by multiplication, 

[9lj92.---.gN] 1 — > [9i92---9n]- 

The map q: G/T — > G/T is the Bott-Samelson resolution of the flag variety 
associated with the given reduced decomposition of Wo, so named because it is a 
simultaneous resolution of singularities of all the Schubert varieties in G/T. (See 
[l4t Sections 3-4].) The space X/T is obtained by replacing the fibre G/T of the 
bundle f by the Bott-Samelson variety G/T. Namely, let X' k ' be the T-space 
X x T G (k) and let X = X ,N >. We define q x : X/T -> X'/T to be the map 

[x, gi , 92, ■ ■ ■ , 9n] 1 — > [x. 9i 92 • • • 9n] 

and f: X/T — > X/T to be the composition of qx and f. The map j : pt — > X/T 
is the inclusion of an arbitrarily chosen point in X/T and )': G/T — > X'/T and 
J: G/T — > X/T are the inclusions of the fibres of f, resp. f, over this point. 

A useful property of the map f is that it splits into a sequence of P 1 -bundles 
with sections, which we shall call the Bott-Samelson tower of X: 

7tN tk+l 7t k 7t k _l 7I 2 7tJ 

X/T < > • • ■ < >■ X< k »/T 1 i X< k -! »/T < >■ ■ ■ • < >■ X' 1 »/T < i X/T. 

The projections and the sections o\ are defined by 

7tk([x, gi , g2, ■ • • , gk-i , 9k]) = [x, 9i , 92, ■ • • , gk-iL 
ffk([x, gi , g2, ■ ■ • , gk-i]) = [x, gi , g2, -, gk-i .nj, 
where n K represents the nontrivial element s ak of the Weyl group of G ttk . 

1.7. Proposition, i^or every reduced decomposition §2§ of the longest Weyl 
group element wo , toe /iawe 6 = 6 p , 6 p 2 • ■ • 6 p N . 

Proof. Let us assume, as we may, that G acts freely on X. First consider the case 
where X is G acting on itself by left multiplication. In that case the assertion is 
that 

6g = 6p, ,g6 P2 , g • ■ ■ §p N ,G (11) 
as operators on Hj(G;k) = H*(G/T;k). Because H*(G/T;Z) is a free and finitely 
generated abelian group, it suffices to check this identity over the ring k = Z. Both 
sides vanish except in degree 2N, so it is enough to show that they agree on the 
orientation class 9 € H 2N (G/T; Z). Let 

d= n aeS N 

aeR+ 
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be the discriminant of G. By [13, § 4] the image of d under the characteristic 
homomorphism Cg = i*: S — > H*(G/T;Z) is 

i*(d) = \W\Q. (12) 

Prom Corollary 1 1.51 and [13; Proposition 3] we obtain the identity 

5 Pi,pt5p 2 ,pf •• 5 |3 N , P t = Y- det ( w ) w > ( 13 ) 

wew 

valid over the ring Z. Since w(d) = det(w)d, we find 

s P,,pt6(3 2 , P f ■■Sp N , pt (d) = - Y_ det(w)w(d) = |W|. 

wew 

By naturality and by (fl2|) this gives 

|W| =i*5p 1) pt5p 2 ,pf , 8p N ,pt(d) 
= 5p, ,g5(3 2 ,g • ■ -8p N , G i*(d) 
= |W|6 Pl , G 6p 2iG ---6p N , G (e). 

Dividing by |W| yields 

8p,,G5p 2 ,G---Sp N ,G(e) = l = 8 G (9) 

and hence (fTTjl . 

We will deduce from this that the proposition is true for an arbitrary free G-space 
X. The following square contained in the diagram ([8} is Cartesian: 

G/T X/T 
q qx 
G/T^^X'/T. 
As in the proof of Lemma fT7l] this implies the identities 

q.f=j /, *qx,*, f8x = 8 G r\ fS«,x = 8 a , G f (14) 

for all roots a. Here 6 X and 6 a x are operators on H*(X/T;k) and 6 G and 6 a G are 
operators on H*(G/T;k) denned by 

8x = f*f* = qx^x'qx,*, &a,x = qx^a.x-qx,*, 
8g = q*8Gq*, 8 aiG = q*8«,Gq*- 

For a G H*(X/T;k) and b e H*(X/T;k) we have 

& a ,x(f*(a)b) = q x 5«,x'qx,*(q x (f*(i))b) = q x 6 a , x ,(f*(a)q x ,„(b)) 

= q x (f*(a)6 a , X '(qx,*(b))) = f*(a)q x S a , x ,qx,*(t>) = f*(a)S a , x (b), 

where we used the H*(X/T;k)-linearity of & a ,x' (Lemma II. 2ft and the projection 
formula. The same argument applies to 6 X . Thus 6 X and 6 a ,x are linear over 
H*(X/T;k): 

6 x (f*(a)b) = f*(a)6 x (b), 6 a , x (f*(a)b) = f*(a)S a , x (b) (15) 
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for all a S H*(X/T;k) and b e H*(X/T;k). 

The Bott-Samelson map q: G/T — > G/T, being birational, has mapping degree 
1. This implies q*(1) — 1 an d hence 1 = q*f(1) = j''*qx,*0) by the first formula 
in p4p . Since )''* is infective in degree 0, this gives qx,*0) = 1- Therefore 

q*q* = id, qx,*q x = id (16) 

by the projection formula. By left multiplying both sides of (1111) by q* and right 
multiplying by q* and using (fl6|) , we find &g = 6p, ,gS|3 2 ,g ■ ■ ■ 6p N ,g- In particular, 

1 =S G (9) =6p,,G6p 2 , G ---6p N ,G(e), (17) 

where 8 = q*(9). Since q has mapping degree 1, 9 is the orientation class of the 
variety G/T. We assert that 9 extends to a class in H 2N (X/T; k) which is a product 
of degree 2 classes. These classes are defined as follows. Let o~k be the section (flO|) 
of the Bott-Samelson tower. The class o\ *(1 ) is the Thorn class of the kth "storey" 
of the tower. Let £,ic S H 2 (X/T;k) be the pullback of this class, 

tic = (7Tn)*(7T N -i)* ' ' ' (ttlc+1 )*0- k ,*(1), 

and for each subset K of {1 , 2, . . . , N} let 

£,K = n^eH 2 l K l(X/T;k). 

keK 

It follows from the Leray-Hirsch theorem, applied to each storey of the Bott- 
Samelson tower, that the 2 N classes £,k form a basis of H*(X/T;k) viewed as an 
H*(X/T;k)-module via the map f*. The top-degree basis element is 

t { i,2 N} = tif,2---£.N GH 2N (X/T;k), 

which restricts to the orientation class of the fibre G/T, i.e. f (£,i £,2 • ■ • £,n) = 9. 
Substituting this into (fT7|) and using the second formula in (fl4|) we get 

T 6 x(£,i £,2 • • ■ £,n) = rSp, ,x6p 2 ,x • ■ ■ 6p N ,x(f,i £,2 ■ ■ • £,n)- 
Both sides of this identity are of degree 0, so 

5 x (f,i£, 2 ---£, N ) =S|3 1 , x 6p 2 ,x — 6|3 N ,x(£,i£,2- (18) 

Finally, we can finish the proof of the proposition. Since h* is injective (because 
h has a section; see ([2])), the desired result will follow from 

§x' = §p, ,x'5p 2 ,x' • • • §p N ,x'- 
It follows from (1161) that q x is injective, so in fact it is enough to show that 

6x = 6p, iX 6p 2 ,x • • • 6p N ,x- (19) 

Because of the linearity property (fl5|), it suffices to check (fl9|) on the basis elements 
£,k- Since both sides of fj 1 9[) are operators of degree — 2N, they annihilate all classes 
£,k except when K = {1,2,..., N}, in which case (fl9|) is equivalent to (fl8|) . This 
proves (JT9])- QED 



TORSION AND ABELIANIZATION 



11 



The operators 9 W . Let a and |3 be simple roots and let m be the order of s^Sp. 
Then s«sp • • • = sps a • • • (m factors on both sides) is the longest element of the 
Weyl group of the root subsystem of R generated by a and (3, so from Proposition 
11.71 we obtain the braid relation 

6«6p ••• = SpSa ■ • • , (20) 

where each product has m factors. Let w be a Weyl group element of length k and 
let 

w — s ai Sa 2 • • ■ s ak be a reduced decomposition of w in terms of simple roots 
oti , 0L2, . . . , ock. Define an endomorphism 9 W of Hj(X;k) of degree —2k by 

9 W = 6 a ,6 tt2 • • •6 ctk . (21) 

This operator depends on the choice of the basis of R, but it follows from the braid 
relations and Matsumoto's theorem ([H § IV. 1, Proposition 5]) that it does not 
depend on the reduced decomposition of w. Note that 

9 Wo ,x = §x = PxPx,*- (22) 
Prom (fTS]) we get the following identity, valid over the integers, 

3 Wo , P t = ^ Y- det ( w ) w - ( 23 ) 

wew 

As in |13| Section 4], the braid relations (f20|) and the relations 6^ = (Lemma 
II. 2p imply the following relations among the 9 W : 

9-w9w ; — 9 WW / if l(ww ) = l(w) -(- l(w ), 9 W 9 W ' = otherwise. (24) 

Prom these relations and Proposition 1 1 .4lfii|) one can deduce a "Leibniz" rule for 
9 W , which is stated in |21[ Chapter II]. This reference is hard to find and it treats 
only the case of a one-point space and the classical root system of type A, so let us 
review the argument. Let 

p.: H^(X;k) ® k H^(X;k) -> Hx(X;k) 

be the multiplication map. Then Proposition 1 1 .4l|ii|) is equivalent to 

6 a o |X = |j.o (6 a <g) I + s a ® 5a,). 

Substituting ([21]) and writing Sj for the simple reflection s aj gives 

9 W o (j. = |j.o (9 S| ® I + si (8 9 S , ) o (9 S2 I + S2 ® 9 S2 ) ° ■ ■ ■ ° (9 Sk ® I + Sk ® 3 Sk ). 

This expands to an expression of the form 

9 W o |j. — |j. o y 4>(s,t) (g 9 t . 
t 

Here s is the word (si , S2, . • ■ , Sk); the sum is over all subwords t = (ti , tz, ■ ■ ■ , t\) 
of s of I letters, where < I < k; 9 t denotes 9t, 3 t2 • • • 9 tl ; and 

4>(s,t) = 4>i (s,t)4)2(s,t) • • • 4>ic(e,t) 

with 



4>j(s,t) 




1:" Sj e t, 

if Sj £ t, 
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for 1 < j < k. If the subword t is not reduced, then 3 t = by (|24|) , so we can write 



Here d w / w > — (w') _1 ^^(s^), summed over all reduced subwords t of s such 
that w' = tit2 ■ ■ -t\. The operator 3 W / W ' has degree l(w) — l(w') (viewed as an 
endomorphism of Sk) and it follows from the independence of the 3 W that 3 W / W ' 
does not depend on the reduced decomposition of w. This proves the following 
product rule. 

1.8. Lemma. d w (a-\a 2 ) = ^ w , <w w'(9 w/w /(qi ))3 w /(a 2 ) for all and a 2 in 



Demazure's algebra. Let X>k be the algebra of endomorphisms of Sk = Hj (pt; k) 
generated by the operators 8 a ,pt for ct G R and the elements of Sk (regarded as 
multiplication operators). The generators are (S w )k-linear, so T)^ is a subalgebra 
of End( S w) k (Sk). By Proposition ll.4lj i|), Dk contains the Weyl group and hence 
the twisted group algebra Sk [W] • 

1.9. Proposition. The algebra is the free left S^-module on the elements 
(3 w ) w gw equipped with the multiplication rule 

^wew ' ^w'ew ' w.w'eWw" 

where the second sum on the right ranges over all w" G W satisfying w" < w 
and l(w"w') = l(w") + l(w') . 

Proof. That the 3 W are a basis of Dk is [13, Section 4, Corollaire 1]. The multi- 
plication rule follows from the product rule, Lemma fL8l applied to X = pt. QED 

The next result says that Hj(X;k) is in a natural way a Dk-module. This is 
analogous to a result of Brion in equivariant Chow theory, |11| Theorem 6.3]. 

1.10. Theorem. The operations 6« and the action of Sk on Hy(X;k) extend 
uniquely to an action of the algebra D^. This action is H* G (X; k) -linear, it 
extends the action of the twisted group algebra SkfVV], and it is contravariant 
with respect to G- equivariant continuous maps and covariant with respect to 
G- equivariant proper oriented maps. In particular, the characteristic homo- 
morphism Sk — > Hj(X;k) is "D^-linear. 

Proof. The basis elements 3 W of X>k must act as in ([21]) . The multiplication rule 
given in Proposition [L9] is then satisfied because of Lemma [L8l We conclude that 
the operations 6 a generate a unique I>k-module structure on Hj(X;k). It follows 
from Lemma O that A(p£(b)a) = p£(b)A(a) for all A G £> k , a G H^(X;k) 
and b G Hg(X;k), which shows that the Dk-action is Hg (X; k)-linear. It follows 
from Proposition 1 1 .4l|i]) that the ©k-action extends the SkfW]-action. Finally, the 
functoriality follows from Lemma [TTll QED 




Hi(X;k). 
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By analogy with group rings, we define the augmentation left ideal of to 
be the annihilator of the constant polynomial 1 £ Sk, 

I(D k )={AeD k | A(1)=0}. 

Let A be a left I^-module. We say an element of A is D '^-invariant if it is 
annihilated by all operators in I(I>k) and we denote by A 1 ' 1 " 11 ' the set of invariants. 
The invariants are not a I>k-submodule of A, but a submodule over the ring (S w )k- 

1.11. Lemma. (i) I(CDk) is the left ideal of generated by the operators 

3 W for w ^ 1 . It is a free left S^-module with basis (d w ) w ^ . 
(ii) Let A be a left D^-module. Then 

A I(Dk) = { a e A | 3 w (a) = for all w ^ 1 } C A w . 

Proof. ([!} follows from the fact that Dk is a free left Sk-module with basis (3 w )wew 
and the fact that 3i = id and 3 W (1) =0 for w ^ 1. It follows from ([IJ that an 
element of A is CDk-invariant if and only if it is annihilated by all 3 W for w ^ 1 . 
By Proposition II .4lj i|) . every Dk-invariant element of A is W-invariant. QED 

1.12. Theorem. We have inclusions 

p^(H* G (X;k)) C HHXjk) 1 ^^ C H*(X;k) w 

Proof. The first inclusion follows from the H* G (X; k)-linearity of the Dk-action 
(Theorem ll.lOp and the second inclusion is a special case of Lemma [l.llljii|) . QED 

Without imposing conditions on the coefficient ring, this result cannot be im- 
proved. It is well-known that the map is not always injective. For instance, let 
X be a point. Then the kernel of pj- = p* is the torsion submodule of H*(BG; Z) 
(see e.g. [15] or Proposition I2.1|[T|) below), which is nonzero for groups such as 
G = SO(n). In Section 0] we will give some examples where the second inclusion 
stated in the theorem is a strict inclusion. Here is an example where the first 
inclusion is strict. 

1.13. Example. Let X be a point, let G = Spin(ll) or Spin(12), and let k = Z. 
Then H*(X;Z) = S. Put S' = H^(X;Z) = H*(BG;Z). If p*: S' -> S I(I " were 
surjective, we would have a ring isomorphism S'/torsion = S 1 ' 15 '. From the fact 
that S is a polynomial ring it follows easily that for every prime I the ring S 1 ' 25 ' ®zF: 
has no nilpotents. But Feshbach showed in [15] that the ring (S'/torsion) <8>z F2 
has nilpotents in degree 32. Thus p* : S' — > S 1 ' ' is not surjective. 

In the next section, we shall give a criterion on the coefficient ring k for p^ to 
be an isomorphism from H|(X;k) onto H^(X; k) I(13k) . 

2. Equivariant cohomology and the torsion index 

As in the previous section, we fix a basis of the root system R of (G,T). We 
denote the set of positive roots by R + , its cardinality by N , and the longest element 
of W by wo. As before, X denotes a topological G-space and k a commutative 
ring. The first result of this section says that the map in cohomology induced 
by px : Xy — > Xq "almost" has a left inverse and "almost" surjects onto the Weyl 
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invariants if Hy(X;k) is torsion-free. For a one-point space X, this result can be 
found in [27l Theorem 1.3]. 

By a famous theorem of Borel, [6] Proposition 26.1], the characteristic homo- 
morphism Cg = i*: Sk — > H*(G/T;k) is surjective over k = Q and therefore it has 
finite cokernel over k = Z. Following [16], we define the torsion index t(G) of G 
to be the order of the cokernel of i* : S N -> H 2N (G/T; Z). It follows from flD that 
the torsion index divides the order of the Weyl group. 

2.1. Proposition. (i) The kernel o/p^: H G (X;k) — > Hy(X;k) is annihi- 

lated by t(G). If t(G) is a unit in k, then pj. is split infective. 
(ii) Assume that X zs compact, that k is a principal ideal domain of char- 
acteristic and that the It-module Hy(X;k) is torsion-free. Then the 
cokernel of 

p^:H G (X;k)^H^X;k) w 

is annihilated by t(G). // t(G) is a unit in k, p^ is an isomorphism 
onto H^(X;k) w . 

Proof. Put 4) =p£, A = H* (X;k) and B = H G (X;k). By definition of the torsion 
index, there exists a polynomial u in such that i*(u) = t(G)9, where G 
H 2N (G/T;Z) is the orientation class. Let u = pr*(u) £ A 2N . Then i*(u) = 
i*(u) = t(G)9. By (|22|) and by the naturality of 3 Wo , this implies 

(pxix)*Px,*(u) = i x 9 w ,x(u) = 9 WOiG ix(u) 

= a W0 , G i*(u) =t(G)3 W0 , G (9) =t(G), 

so Px,*(u) = t(G). Define t|>: A — > B by ip(x) = px,*(ux). By the projection 
formula, 

*(*(u))=Px,*(ti)y=t(G)y (25) 

for all y S B. Hence 4>(y) =0 implies t(G)y = 0, which shows that the kernel of 
is killed by t(G). If t(G) is invertible in k, then t(G) _1 i]) is a left inverse of 4>, so 
4> is split injective. This proves (ji]). Now make the assumptions stated in ([n}. It 
follows from (|25|) that 

cMW<My))) = <Mt(G)y)=t(G)cMy) 

for all y £ B , so 

c|>(iMx))=t(G)x (26) 
for all x in the image of (p. Let K be the fraction field of k, Ak = A ®k K, 
Bk = B ®k K, and consider the extended maps 

4>k : B K — > A K , ^k : A K — > B K - 

Because X is compact, the universal coefficient theorem gives Ak — Hj(X;K) 
and Bk — H G (X;K). Since K is a field of characteristic 0, it follows from |12| 
Proposition l(i)] (or from Theorem 12.101 below) that <J)k is an isomorphism from 
Bk onto (A K ) W . By f26]l, this implies that 4)k(^k(x)) = t(G)x for all x in 
(Ak) w . But A is by assumption torsion-free, so the natural map A — > Ak is 
injective. Hence the natural map A w — > (Ak) w is likewise injective. Therefore 
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cj>(\|> (x)) = t(G)x for all x in A w , which shows that the cokernel of ($> is annihilated 
by t(G). Hence, if t(G) is invertible, cf) is surjective. QED 

Because of this proposition, we shall from now on work with a coefficient ring 
in which the torsion index is invertible, such as Z[t(G) -1 ]. Our next result says 
that under this condition the pullback diagram maps to a pushout diagram in 
cohomology, 

H*(X;k)^— H* G (X;k) 

P r G 

H*(BT;k) ^— H*(BG;k). 

The torsion index being invertible, there exists a polynomial & in S^ 1 such that 

i*(6) = 0eH 2N (G/T;k). (27) 

This allows us to define the Schubert polynomials, 

e w = 3 w -, W0 (6) eSjf' 1 , (28) 

and their lifts to T-equivariant cohomology, 

e w =pr^(© w ) 6 H^ (w) (X;k). (29) 

Clearly & Wo — 6, where wo £ W is the longest element. It is shown in [13] that 
©1 = 1, the identity element of S£. Hence 6i = 1 € H$(X;k). Moreover, by [HI 
Corollaire 4], the classes i*(6 w ) form a basis (the Schubert basis) of the k-module 
H*(G/T;k). Thus we can define k-linear maps 

s: H*(G/T;k) -» S k , s: H*(G/T;k) -> H^(X;k) (30) 

by setting s(i*(6 w )) = 6 W and s(i*(6 w )) = 6 W . 

2.2. Proposition. Assume that t(G) is a unit in k. Choose a class 6 £ S^ 1 as 
in (|27|) . Define the classes & w as in (|29|) and the map s as in (|30|) . 

(i) The map H*(G/T;k) ® k H^(X;k) -4 H*(X;k) which sends (x,b) to 
s(x)px(b) is an isomorphism of Hg(X;k) -modules. Hence Hy(X;k) is 
a free Hg(X;k) -module with basis {& w ) w ew ■ In particular, the rank 
o/Hy(X;k) over Hg(X;k) is equal to the cardinality ofW and the basis 
elements are of even degree. 

(ii) The map S k x Hg(X;k) — > Hy(X;k) which sends (u,b) to pry(u)Px(b) 
induces an isomorphism of graded h-algebras 

S k ®H.(BG;k) H* G (X;k) -±*Hi(X;k). 

Proof. It follows from i = pr T oix that i£(6 w ) = i*(6 w ). Thus is surjective 
and s is a section of i^. Therefore the Leray-Hirsch theorem applies to the fibre 
bundle Xy — > Xq, telling us that the elements 6 W form a basis of the H^fXik)- 
module Hy(X;k). This proves ([!}. The map u®b H > pry(u)px(b) is multiplicative. 
It sends the basis element S w ® 1 of S k ®H*(BG;k) Hg(X;k) to the basis element 
S w of Hj(X;k) and is therefore an algebra isomorphism. QED 



P r T 
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The next result is implicitly stated in [13] and also follows from j22 Theorem 1.3]. 
We will deduce it here from Proposition [22] by taking X to be a single point. Let 
M be a module over a commutative ring k. Let m G M and let I be an ideal of k. 
We call m an l-torsion element if I annihilates m. We say M has l-torsion if M 
has a nonzero I-torsion element. If I is prime in k and M has I-torsion, we call I a 
torsion prime of M. 

2.3. Corollary. Assume that t(G) is a unit in k. 

(i) The maps H*(BG;Z) ® z k -> H*(BG;k) and p*: H*(BG;k) -> (S w ) k 
are isomorphisms. Therefore H*(BG;k) is a polynomial algebra over 
k on generators of even degree. 

(ii) The characteristic homomorphism Cq — i*: Sk — > H*(G/T;k) is sur- 
jective and its kernel is the ideal (S+ )k of Sk generated by the Weyl- 
invariant elements of positive degree. Hence Cg induces a D^-linear 
isomorphism of h-algebras 

(S/S7) k -^H*(G/T;k). 

Proof. By Proposition I2.1l[i|) . the torsion submodule of H*(BG;Z) is annihilated 
by the torsion index t(G). Since H*(BG;Z) is finitely generated in each degree, 
this implies Tor z (H*(BG; Z), k) = 0, and therefore H*(BG;Z) ® z k = H*(BG;k) 
by the universal coefficient theorem. It follows that 

p*(H*(BG;k)) =p*(H*(BG;Z))® z kC (S w ) k . 

By Proposition 12. 2l[T|) . applied to a one-point space X, the algebra Sk = H*(BT;k) 
is a free module with basis (G w ) w6 w over the subalgebra p*(H*(BG;k)). By 
[T3"t Theoreme 2(c)], Sk is also a free module with the same basis over the larger 
subalgebra (S w ) k . This implies p*(H*(BG;k)) is equal to (S w ) k . By Proposition 
I2.1lj i|), p* is injective, and therefore p* : H*(BG;k) — > (S w )k is an isomorphism. By 
[T3l Theoreme 3], it follows from this that H*(BG;k) is a polynomial algebra on 
even degree generators, which proves (0). By taking X to be a space consisting of a 
single point, we obtain from Proposition 12. 2lj i|) 

(S/S^) k = S k ® (s w )k k = (H*(G/T;k) ® k (S w ) k ) ® (s w )k k = H*(G/T;k). 

This isomorphism is 2)k-linear, because i* is. QED 

We shall from now on identify H*(BG;k) with (S w )k via the isomorphism p* 
(when the torsion index is invertible in k). 

2.4. Corollary. Assume that t(G) is a unit in k. The isomorphism 

Sk<8> ( sw )k H G (X;k) = HHX;k] (31) 

of Proposition I2.2ljii|) is D^-linear, where we let the operators A e Dk act on 
the left-hand side by A(u (g) b) = A(u) <£> b. 

Proof. By Theorem OOl the action of D k on S k is linear over H*(BG;k) = (S w ) k , 
which implies that the operation A(u <E> b) = A(u) ® b is well-defined. Again by 
Theorem I1.10| the action of Dk on Hy(X;k) is H* G (X; k)-linear, which implies that 
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the isomorphism f(u <£> b) = pry(u)px(b) satisfies fA(u ® b)) = f(A(u) ® b) = 
Af(u®b). QED 

We recall from [13] that the prime factors of the torsion index are precisely the 
torsion primes of the fundamental group of G plus a short list of primes for each 
of the simple ideals of the Lie algebra of G. This list is as follows: 2 for types B n 
(n > 3), D n (n > 4) and G2; 2 and 3 for types Eg, E7 and F4; and 2, 3 and 5 
for type Es. (The simply connected groups of type A n and C n have torsion index 
1 for all n > 1 .) The proof of this fact is largely given in jTJ and relies on the 
observation (also used in the proof of Corollary 12. 3ft that the prime factors of the 
torsion index are precisely the torsion primes of H*(BG; Z), which in turn are the 
same as the torsion primes of H*(G;Z). Thus t(G) is invertible in k if and only if 
the torsion primes of H*(G; Z) are invertible in k. 

Proposition I2.2ljn|) shows that the T-equivariant cohomology of a G-space is 
determined by its G-equivariant cohomology for any coefficient ring in which the 
torsion index is invertible. Conversely, Theorem 12 . 61 below shows that it is possible 
to express G-equivariant cohomology in terms of T-equivariant cohomology. This 
result is a consequence of the following theorem of Demazure. 

2.5. Theorem ( \13\ Theoreme 2]). Assume that t(G) is a unit in k. 

(i) Choose a family of Schubert polynomials {& w )wew as in (|28[l. These 
polynomials form a basis of the (S w )y [ -module Sk- 

(ii) 2) k = End (s w )k (S k ). 

It follows from this theorem that is isomorphic to the algebra of |W| x |W|- 
matrices over the ring (S w )k- In particular, the centre of CDk is equal to (S w )k- 

2.6. Theorem. Assume that t(G) is a unit in k. 

(i) The map is an isomorphism from Hg(X;k) onto Hj(X;k) I(I>k) . 

(ii) The family of operators (3 w ) w£ w is a basis of the Hy(X;k) -module of 
all Hg(X;k) -linear endomorphisms o/H T (X;k). 

Proof. Let 21 = T> u -Wlod and 33 = (S k ) w -a7to5 be the categories of (left) modules 
over the rings I>k, resp. (Sk) w . By Theorem l2.5l[I|) . the module Sk is a progenerator 
of the category 03. Hence, by the first Morita equivalence theorem (see e.g. |20| 
§ 18]), the functor 0: 03 -> 21 defined by 

B 1 — > S k ®(s w ) k B 

is an equivalence with inverse ^: 21 — > 03 given by 

A 1 — > HomD k (S k ,A). 

We assert that J is naturally isomorphic to the functor 3: 21 — > 03 given by 

A 1 — > A 1 ' 1 ^' . 

Indeed, consider the natural (Sk) w -hnear map Oa: HorriD k (Sk,A) — > A defined 
by ®A(f) — The map ®a is injective, because D Sk- Its image is 

y \l(l'k) i because I(D k ) is the annihilator of 1 £ Sk- We conclude that O is a 
natural isomorphism from $ to J. Now consider the I>k-module A = Hj(X;k) 
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and the (S w ) k -module B = H^(X;k). By Proposition ESjn]) , A = ©(B). Hence 
B = #(A) = 3(A) = A I(I)k) , which proves (0). The isomorphism JH]) gives an 
isomorphism of Hj(X;k)-modules 

End„. (X;k)(H^(X;k)) = End (s w )k (S k ) ® (s w )k H* G (X;k). 

It now follows from Proposition 11.91 and Theorem 12. 5ljiT|) that the 3 W form a basis 
of the H*(X;k)-module End H * ( x ; k) (Hy(X; k)). QED 

2.7. Example. Let X be a point. It follows from Corollary 12.31 and Theorem 12.61 
that for any k in which t(G) is invertible 

(S w ) k -H*(BG;k) -(Sk) 1 ' 13 "'. 

We shall see in Corollary 12. 121 that (Sk) I(13k) = (Sk) w under a mild condition on 
the root data. 

In general, H G (X;k) is a proper submodule of Hy(X;k) w . (See Section 0] for 
examples.) Nevertheless, there are two useful sufficient criteria for the inclusion 
to be an equality, stated in Theorem 12.101 below. The second criterion (that the 
cardinality of the Weyl group be invertible in k) is well-known, but it seems to us 
of some interest to deduce it from Theorem l2.6l 

2.8. Lemma. The notation and the hypotheses are as in Theorem \2.5[ Define 
ij) 6 25k byt\)(u) — d Wo (6 Wo u) for v. S Sk- Let J be the left ideal ofT)^ generated 
by ij) and by all elements 1 — w for w G W. Let A be a left "D^-module. 

(i) ij) projects A onto the (S w )k-submodule A I(13k '. 

(ii) A w = A I(Dk » © A 1 . Hence A w = A I(1>k) if and only if A T = 0. 

Proof. It follows from ([23|l that 3 Wo maps Sk to (S w )k and hence that 3 w 9 Wo = 
for all w ^ 1 . Therefore 3 w (i|;(a)) =0 for all a e A and all w ^ 1 , i.e. \\> maps A 
to A I(Dk) . If a G A I(Bk », then by LemmaP 

i|j(a) = 3 Wo (6 Wo a) = 3 Wo (6 Wo )a = a, 

since 3 Wo (6 w J = 6i =1. This proves that i]j(A) = A I(Dk) and \\> 2 = id A , 
which establishes (ji]). It follows from ([!]) that A is the direct sum of the (S w )k- 
submodules A 1 ' 1 * 11 ' and ker(i|)). Moreover, it follows from (0) and from Lemma 
rTTTTTfii]) that t|> maps A w into itself. Therefore A w is the direct sum of A I(I>k) and 
A w nker(i);) = A J . QED 

For certain groups G it turns out that there exists an ideal J(Sk) of Sk such that, 
for all T» k -modules A, we have A w = A I(I>k) if and only if A J(Sk) = 0. (See Section 
H]for examples.) We do not know if this is true for all groups. 

Recall that d = OaeR + a ^ S N denotes the discriminant of G. We shall denote 
its image in Sj^ also by d. 

2.9. Lemma. The notation and the hypotheses are as in Lemma 12.81 

(i) The discriminant satisfies the identity 

d(l -^) = Y_ det(w)w(6 Wo )(l -w). 
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In particular, d G J. Hence A = A ' k ' if d is not a zero divisor in 
A. 

(ii) Assume that |W| is a unit in k. Choose the top-degree Schubert poly- 
nomial to be & Wo — |W| _1 d. Then ij) is the projection map onto the 
W -invariants, 

1 1 WGW 

Hence A w = A 1 ^*) . 
Proof. It follows from ([23]) that for all u G Sk 

diMu) = d9 Wo (© Wo u) = Y_ det(w)w(S Wo u) 

wGW 

= det(w)w(6 w Ju+ det(w)w(6 Wo )(w(u) — u) 

wew wew 

= d3 Wo (6 Wo )u+ Y_ det(w)w(© w J(w-1)(u) 

wGW 

= du + Y_ det(w)w(6 Wo )(w- l)(u). 

wGW 

This identity shows that d G J. Hence, if d is not a zero divisor in A, then A^ = 0, 
so A w = A I(:Dk) by Lemma f275t[II|) . This proves (Q). Assume |W| is a unit in k. 
Comparing (1121) with (|27|) we see that S Wo = V\/| — 1 d is a valid choice for the top 
Schubert polynomial. It follows from (fl3|) and the fact that d is antisymmetric that 

3 Wo (du) = — det(w)w(du) = w[u) 

wGW wGW 

for all u G S k . Hence i|)(u) = 3 Wo (6 Wo u) = \W\-~* I weW w(u). Lemma EH© 
now implies that A w = A I(Dk) . QED 

2.10. Theorem. Assume that t(G) is a unit in k. Assume either that d is not 
a zero divisor in the S^-module Hy(X;k) or that |W| is a unit in k. Then 

is an isomorphism from Hg(X;k) onto Hj(X;k) w . 

Proof. This follows immediately from Theorem l2.6l and Lemma [2~9l QED 

2.11. Corollary. Assume that t(G) is a unit in k and that the restriction map 
Hj(X;k) — > Hy(X T ;k) is infective. In addition, ifG has a root a such that a/2 G 
X(T) {i.e. if G contains a direct factor isomorphic to U(n, H) for some n > 1), 
assume that H*(X T ;k) has no 2-torsion. Then p^: H^(X;k) -» H?f-(X;k) w is 
an isomorphism. 

Proof. Let a be a root of G. If a/2 is not a character of T, put £,i = a. If a/2 
is a character, put £,i = a/2. In either case, Z£,i is a direct summand of the 
character group X(T). Select characters £,2, £,3, . . . , £, r such that (£,1 , £,2, . . . , £, T ) is 
a basis of X(T). Let r|j = £,j ® lk be the image of £,j in X(T) k = X(T) ®z k. Then 
(tj 1 ,ri2, . • . ,T) T ) is a basis of X(T)k, so Hy(X T ;k) = H*(X T ;k) <§5k Sk is a polynomial 
algebra over H*(X T ;k) in the variables r|i , r|2, . . . , r| r . The element a® lk is equal 
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to r|i if a/2 X(T) and to 2r|i if a/2 G X(T). In either case, a g> Ik is not a zero 
divisor in Hj(X T ;k). This implies that d is not a zero divisor in the submodule 
H^(X;k) of H^(X T ;k). The corollary now follows from TheoremEE! QED 

The next corollary is a result stated in [13] under the marginally stronger as- 
sumption that 2 be invertible in k. (Note, however, that Demazure's proof works 
equally well under our weaker assumptions.) 

2.12. Corollary ( [13| Corollaire au Theoreme 2]). Assume that t(G) is a unit 
in k. In addition, if G has a root a such that a/2 G X(T), assume that 2 
is not a zero divisor in k. Then p*: H*(BG;k) — > H*(BT;k) w = (Sk) w is an 
isomorphism. Thus 

(S k ) w = H*(BG;k) = H*(BG;Z) ® z k = (S w ) k . 

Proof. The first statement follows from Corollary I2.11[ applied to X = pt. The 
other isomorphisms were established in Corollarv l2.3l QED 

3. Orthogonality 

In this section we obtain a duality result based on material in [2~l| Chapter V]. 
As in the previous sections, we let X be a topological G-space and k a commutative 
ring. We fix a basis of the root system of (G,T) and relative to this basis define 
the operators 3 W in Demazure's algebra as in (|2T|) . Define 

®x(ai , a 2 ) = 3 Wo (aiQ2) 

for ai , a 2 G Hy(X;k). It follows from the relations ([24]) that A3 Wo = for all A in 
the augmentation left ideal IfDk), so this rule defines a pairing 

S x : H^(X;k) x H^(X;k) -> H*- 2N (X;k) I(I)k) . 

This pairing is graded symmetric in the sense that 

S x (Qi,a 2 ) = (-l) klk2 Sx(a 2 ,Qi) 

if Qi is of degree ki and Q2 is of degree k2. It follows from the product rule, Lemma 
SH that H* (X;k) I(1)k) is a subalgebra of H* (X;k) and that the pairing is bilinear 
over Hj(X;k) I ' :Dk ' in the sense that it is additive in each variable and 

■Bx(bai,a 2 ) = bSx(ai , a 2 ), S x (ai,a 2 b) =S x (ai,Q2)b 

for all b G H* (X;k) I(I)k) . It follows from the naturality of 9 Wo that 

S x (f^(ai),f^a 2 )) =f^B Y (ai,a 2 ) (32) 

for ai , ci2 G Hy(Y;k), where fy: Xj — > Yy is the map induced by any G-equivariant 
continuous map f : X — > Y. The pairing may be degenerate, but nevertheless the 
operators 3 W and w have adjoints. 

3.1. Lemma. Let w G W and ai , az G Hj(X;k). Then 

(i) S x (3 w (ai),Q 2 ) =S x (ai,3 w -i(a 2 )) l 

(ii) Sx(w(a0,a 2 ) = det(w)S x (ai , w" 1 (a 2 )). 
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Proof. To prove ([!]), it is enough to show that ■Bx(3s ct a i > Q 2) = ®x(a-i i 3s„<i2) for 
all simple roots a. By Proposition 1 1 .4lfTT]) , Lemma fT76l and (|24p, 

^x(3s«(ai),a2) = 3 WoSa 3 Six (9 Six (ai)a2) = 3 WoSa (3 Sa (c^ )9 Sa (a 2 )). 

This expression is graded symmetric in ai and <i2, so assuming that ai is of degree 
ki and az is of degree kz we have 

£x0..(ai),a 2 ) = (-l) klk2 Sx(3s„(a 2 ),Qi) = 3 x (a 1 , 3 Sot (a 2 )), 

which proves ([!}. Prom this (jnj follows by using Proposition II .4lj i|) . QED 

When G is the unitary group, the lifted Schubert classes 6 W have a dual basis. 
This leads to a relative form of Poincare duality for the fibre bundle Xy — > Xq . 

3.2. Proposition. Let G = U(l+ 1). Then the pairing 

(-,-): H^(X;k) x H^(X;k) -» H* G - 2N (X;k) 

defined by (0.1,0.2) = Px,*( a i Q 2) is nonsingular. Hence 

H\ (X; k) S Hom H . (X; k) (H} (X; k) , H* G - 2N (X; k)) 

as graded left H G (X;k) -modules. 

Proof. Let 6 = E^e^ -1 ■ ■ ■ Z\ be the top Schubert polynomial, where is the 
character of the diagonal maximal torus of G defined by 

*(V°J-*- 

For each w G W, define 6 W G H 2l(w) (X;k) as in {29]) and define 

6 W = det(ww )w ((3 WWo ). 
Applying ([32]) to the constant map X — > pt, we find 

■B X (6 W ,6 W ') =Sx(pr^(6 w ),pr^6 w ')) = pr^ B pt (6 w , 6 W ') = 6 W , W , 

for all w, w' G W, where the last equality follows from [2H V(5.5)]. This shows 
that the pairing CBx is nonsingular. Since p x ((ai , 02)) = 53x(ai , o 2 ) and is an 
isomorphism from H G (X;k)) onto H^(X;k) I(I)k) (Theorem Hip , the pairing (•,■) is 
nonsingular as well. QED 

This result is presumably true for arbitrary G, provided that the torsion index 
is a unit in k, but we do not know if the Schubert polynomials can be chosen so 
that £ pt (6 w ,6 w ') =6 W , W <. 
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4. WEYL INVARIANTS FOR GROUPS OF LOW RANK 

In this section we calculate, for a few groups G of low rank, Hj (X; k) w as a mod- 
ule over Hg(X;k). We do this by using Proposition ^. 2\ which says that Hy(X;k) is 
a free Hg (X; k)-module with basis (6 w ) w£ w- (We consider only coefficient rings k 
in which the torsion index of G is invertible.) Finding the Weyl invariants is then 
a matter of calculating the matrices of the simple reflections with respect to this 
basis and solving linear equations. The results are summarized in the table below. 

Here we write A = Hj(X;k) and B = Hg(X;k) and identify B with the subalge- 
bra Px(B) of A. We write B 1 for the submodule of B annihilated by an ideal I of 
(S w )k- To save space, instead of A w we give the B-submodule A', where J is the 
ideal of D k denned in Lemma ES (Recall that A w = B © A 1 by Lemma 12.81 and 
Theorem [2M) 

The rightmost column of the table shows a certain ideal J(Sk) of Sk, which has 
the property that A w = B if and only if A I(Sk) =0. This ideal is found as follows. 
Upon examining the third column one sees that, for each of the groups we consider, 
there exists an ideal K of (S w ) k such that A w = B if and only if B K = 0. For 
instance, K = (2,pi) for G = U(2), K = (2,p,p 2 +p 3 ) for G = U(3), and K = (2) 
for G = U(2,H). We define J(Sk) to be the ideal of Sk generated by K. This has 
the desired property, because Sk, being a free (S w )k-module, is faithfully flat over 
(S w ) k - It follows from this that K = (S w ) k n J(S k ) and A I(Sk) = S k ® (S w )k B K . 
Thus B K = if and only if A J(Sk) = 0. Observe that d e J(S k ) in all cases. 



G 


t(G) 


Al 


J(S k ) 


U(2) 


1 


B (2,Pl 1 • & Wo 


(2,d) 


U(3) 


1 


B (2,P 1 P2+P3). ( 6 wo +Pl 6 S2Si +p2 6 S2+p 26 s j 


(2,d) 


SU(2) 


1 


B (2) -6 Wo 


(2) 


SU(3) 


1 


B (2 '^»-(e W0 +q 2 © S2 ) 


(2,d) 


SO(3) 


2 





(1) 


PSU(3) 


3 


B( 2 .^»-(e W0 +q 2 S S2 ) 


(2,d) 


U(2,H) 


1 


Bl 2 ^'>-6 Wo ©B( 2 '.e S2S , S2 ®B( 2 ».6 SlS2 


(2) 






©B( 2 -i">-6s 2Sl ©b< 2 > -e S2 





We use the notation of [9, Chapitres IV-VI, Planches I-IX] for roots and weights. 
The other notations, as well as a few computational details, are explained in the 
discussion below. 

U(2) and U(3). Let G = U(l+ 1 ), let T be the diagonal maximal torus and let , 
£2, ■ . • , £i+i be the basis elements of X(T) defined in (|33|) . Let 6 = z\ e\ _1 ••■£;. 
By [El Section 5], i*(6) = i*(d)/(l+ 1)! £ H 2N (G/T;Z), so t(G) = 1 and the 
coefficient ring k is arbitrary. The Schubert polynomials 6 W = 3 w -i Wo (6) form a 
basis of the S w -module S and the algebra S w is freely generated by the elementary 
symmetric polynomials pi , p2, . . . , pi+i . For U(2) the Schubert polynomials are 
S s = S = Ei and ©i = 1 , where s denotes the generator of W, which acts on X(T) 
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by interchanging £1 and £2. The matrix of s with respect to the basis (6 S , 1) is 

-1 0^ 



M 



This is also the matrix of s with respect to the basis (6 S , 1) of the B-module A. 
Thus an element of A of the form Ci 6 S + C2 with Ci , C2 S B is W-invariant if and 
only if M.(£ 2 ) = (c 2 )i which is the case if and only if 2ci = P1C1 = 0. The upshot 
is A w = B (2 >P' > • 6 S © B. For U(3) the Schubert polynomials are 



6 Wo = 6 = £fe 2) 6 

© S2 = £1 + £2, 



S1S2 — £i£2> 6 S2 si : 

6 S , = £1, ©1 = 1, 



-1 . 



where si and S2 denote the reflections in the roots ai = £1 — £2 and 02 = £2 
The matrices of si and S2 with respect to the Schubert basis (6 w ) wg w are 



£3- 



Mi = 



( 


-1 














o\ 




Pi 


1 


-1 



















-1 



















Pi 


1 


1 



















-1 





V 


-P3 





-P2 








V 



M 2 = 



( 


-1 














o\ 







-1 



















-1 


1 






















-1 










P2 


Pi 





1 


1 





V 


-P3 








Pi 





V 



To compute A one now solves the linear equations Mi c = M2C = c for a column 
vector c = t (ci , C2, C3, C4, C5, c&) with entries in B. 

SU(2) and SU(3). Similar results for G = SU(l + 1) are obtained by restricting 
the computations done for U(l+ 1) to the maximal torus of G, i.e. by replacing 
£k with £k — £0, where £0 = (£1 + £2 + ••• + £1+1 )/(!• + 1)- We denote by q^ 
the restriction to X(T) of the elementary symmetric polynomial p^. (In particular, 
qi = 0.) By [13, Section 5], we have t(G) = 1, so again we can use any coefficient 
ring k. 

SO(3) and PSU(3). Let G = PSU(l+l), the adjoint form of G = SU(l+l), and 
let T be the image in G of the diagonal maximal torus T of G. The character group 
X(T) has index 1+ 1 in X(T) and, by [26, Section 2], t(G) =1+1. Accordingly, we 
can let k be any commutative ring in which I + 1 is invertible. Then the canonical 
map S(X(T))k — > S(X(T))k is an isomorphism, so the calculations done above for 
G carry over directly to G. 



U(2, H). Let G = U(2, H). We regard U(2) as a subgroup of G; then the diagonal 
maximal torus T of U(2) is also maximal in G. By [13, Section 5], G has torsion 
index 1 , so we can use any coefficient ring k. The Schubert polynomials are 



6 Wo = 6 = e?e 2 , 6 



S2S1 S2 



£^£ 2 + £l£2, 



6, 



^Sl S2S1 

6 S , S2 = £1 + £i£2 + £2. 6 S2 s, =ef, 6 S2 =£i+£2, 6 



-1 - 



where si and S2 denote the reflections in the roots oci = £1 
;\v fc.^i,, u„ „. - o2 _|_ £ 2 anc j p 2 _ 



The algebra S is freely generated by pi 



= 1, 

2£ 2 . 

£?£?. The matrices 



s, - £l , 61 

£2 and 0C2 

2 

1 c 2 
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of Si and S2 are 



M, = 



























M 
























1 


-1 














°) 







-1 


























-1 






















-2 


1 

















Pi 












1 






-1 














, M 2 = 














-1 






1 




















Pi 








1 


1 






















-1 


























-1 










2pi 











2 


1 
















p 1 












V o 








2p, 











1/ 



and again one finds A by solving the equations Mi c = M2C = c. 

5. Homogeneous spaces 

It is instructive to spell out some of the consequences of the results of Section 
[2] for the ordinary and equivariant cohomology of homogeneous spaces. As in the 
previous sections, G denotes a compact connected Lie group with maximal torus T 
and Weyl group W, and k denotes a commutative ring with identity. We consider 
a fixed closed subgroup U of G. 

5.1. Proposition. Assume that t(G) is a unit in k. Then there are k-algebra 
isomorphisms 

Ht,(G/T;k) £ Hj(G/U;k) £ S k ® (s w )k H*(BU;k). 

Hence Hjjj(G/T;k) is a free H*{BU;\s.) -module of rank |W| with generators of 
even degree. 

Proof. Since T and U act freely on G, 

Hu(G/T;k) £ H UxT (G;k) £ H^G/U;k). 

The induction formula (see e.g. [25j Section 1]) says that for any U-space Y there 
is a natural k-algebra isomorphism H^(Y;k) — > Hg(G x u Y;k) which is linear 
over H*(BG;k). Taking Y = pt gives H*(BU;k) = H£(G/U;k). We conclude, by 
Proposition ESBSl) and Corollary EOlji]) , that 

H^(G/U;k) £ S k ® (s w )k H* G (G/U;k) £ S k ® (s w )k H*(BU;k). 

The last assertion now follows from Proposition 12. 2[j i|), QED 

Now let us assume U to be connected and choose a maximal torus T\j of U which 
is contained in T. We denote by Wu the Weyl group of (U,Tu) and by Su the 
symmetric algebra of the character group X(Tu). 

5.2. Corollary. Assume that U is connected and that both t(G) and t(U) are 
units in k. Then Hj(G/U;k) is a free It-module concentrated in even degrees, 
finitely generated in each degree. Moreover, there is a h-algebra isomorphism 

H^(G/U;k)-(S® s w (S u ) Wu ) k - 

Proof. The first assertion follows from the fact that Hj(G/U;k) is free and finitely 
generated over H* (BU; k) with even degree generators (Proposition l5.ip and the fact 
that H*(BU;k) is free over k with even degree generators and finitely generated 
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in each degree (Corollary I2.3lfi|) ). The second assertion follows immediately from 
Proposition 15. II by applying Corollarv l2.3l| i|) to the groups G and U, and by using 

(S ® k) ® s w 8k ((S u ) Wu ® k) = (S ® s w (S u ) Wu ) ®x k. 

QED 

5.3. Example. Setting U = T we obtain Hy(G/T;k) = (S ®$w S) k for any k in 
which the torsion index of G is invertible. 

Next we record a few consequences of Theorem l2.6l 

5.4. Lemma. Assume that U is connected and that t(U) is a unit in k. 

(i) Let Iu be the augmentation left ideal of the algebra of (Su) Wu ® k- 
linear endomorphisms of Su ® k. Then the projection G/Tu — > G/U 
induces a h-algebra isomorphism H*(G/U;k) = H* (G/Tu; k) Iu . 

(ii) Assume that U has maximal rank. Let ko = Z[t(U) -1 ]. Then 

H*(G/U;k ) = H*(G/T;k ) Wu . 

Hence H*(G/U;k) is a finitely generated free k-module concentrated 
in even degrees. 

Proof. TheoremEUimplies that H*(X/U;k) = H*(X/T u ;k) Iu for all free U-spaces 
X. Taking X = G proves ®. If U has maximal rank, then Tu = T. Since the ring 
ko = Z[t(U) _1 ] is principal of characteristic 0, the isomorphism in §u§ follows from 
Proposition OHU and the fact that H|(G;k ) = H*(G/T;Z) ® z k is a finitely 
generated free ko-module concentrated in even degrees. Hence H*(G/U;ko), being 
isomorphic to a submodule of H*(G/T;ko), is likewise finitely generated, free and 
concentrated in even degrees. Therefore, by the universal coefficient theorem, the 
same is true for H*(G/U;k) S H*(G/U;k ) ® ko k. QED 

This result is not optimal in all cases. For instance, it is known that if U 
is the centralizer of a subtorus of a maximal torus T of G, then H*(G/U; Z) = 
H*(G/T; Z) Wu , regardless of the torsion index of U. (A proof can be found in (§1 
Theorem III"] or [H Theorem 5.5].) 

For subgroups of maximal rank we can now give a presentation of the ordinary 
cohomology of the homogeneous space. For coefficients in a field k, the isomorphism 
(f35|) can be found in Baum's paper [4] and Gugenheim and May's monograph [17j . 

5.5. Theorem. Assume thatU is connected and of maximal rank and that both 
t(G) and t(U) are units in k. Then we have li-algebra isomorphisms 

Hl(G/U;k)-(S%wS w «) k , (34) 

H*(G/U;k)-(S W "/Sf) k , (35) 

where denotes the ideal of S Wu generated by the W -invariant elements of 
S of positive degree. 

Proof. The isomorphism (|34[) follows from Corollarv l5.21 For the isomorphism ([35|l 
we use H*(BG;k) = (S w ) k and H*(BU;k) = (S Wu ) k to get 

(S w VsW) k s (s w u)k 0(sw)k k s H *(BU;k) ® H *(B G; k) k. 
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It follows from Corollary I2.3lfi|) and Lemma I5.4ljii|) that the cohomology groups 
of BG and of G/U (with coefficients in k) are free and vanish in odd degrees. 
This shows that the Leray spectral sequence of the fibre bundle G/U — > BU — > BG 
degenerates at the E2 term, which implies that H*(BU; k) C3H*(BG;k) k is isomorphic 
toH*(G/U;k). QED 

(A comment on the hypotheses of Theorem 15, 51 in all examples of maximal rank 
subgroups U that we have checked, every prime factor of t(U) is also a prime factor 
of t(G), and therefore t(U) is a unit in k if t(G) is. But we do not know if this is 
true for all U.) 

If G = SU(n, C) or G = U(n, H), then every closed connected maximal rank 
subgroup U has torsion index 1 (this follows for example from the information in 
[23"t Table 5.1]), so Theorem 15.51 applies to any U and to any coefficient ring k. If 
G is any covering group of SO(n, R) with n > 3, then the torsion index of every 
U is a power of 2, so Theorem 15.51 applies to any U and to any coefficient ring k 
which is an algebra over Z[i]. 

It follows from Theorem l5.5l that the homogeneous space G/U is "T-equivariantly 
formal" over k: every cohomology class on G/U extends to a T-equivariant class. 

5.6. Corollary. The notation and the hypotheses are as in Theorem \5.5[ There 
is a li-algebra isomorphism H*(G/U;k) = Hy(G/U;k)/(S+)kj where (S+)k de- 
notes the ideal o/Hy(G/U;k) generated by polynomials of positive degree. 

Proof. It follows from Theorem 15.51 that 

H*(G/U;k) S (S Wu ® s w Z) k = (S Wu ® s w S ®s Z) k 

s H^(G/U;k) ® Sk k = H^(G/U;k)/(S + ) k . 

QED 

The fibre bundle G/U — > BU — > BG is the right edge of the commutative diagram 



G/U 




in which each of the four straight paths represents a locally trivial fibre bundle. As 
we have seen, under the hypotheses of Theorem l5.5l the Leray spectral sequences of 
the two bundles at the bottom and of the right edge collapse. Our next result gives 
a formula for a section of the restriction homomorphism J* induced by the inclusion 
map J: G/U <— ) BU indicated in (f36|) . In the course of proving this formula we will 
see that the restriction map j* induced by the inclusion ] : U/T — > G/T is surjective, 
thus proving that the spectral sequence of the left edge collapses as well. 
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5.7. Lemma. The notation and the hypotheses are as in Theorem 15.51 and in 
the diagram (|36|) . A section of 7 )* is given by the map 

s u =soq*: H*(G/U;k) -> (S Wu ) k , 

where s: H*(G/T;k) — > (S w ) k is i/ie section ofi* defined in (f30"|) . j4s an (S w ) k - 
module, (S Wu )k is ./ree of rank \W\/\W U \. 

Proof. Let 6 W £ H*(BT;k) be the classes defined in ((29]), but with w e W u 
and with the operators 9 W defined relative to a set of positive roots in the root 
system of (U, T). Then the classes (i{|(6 w )) w£ w u form a k-basis of H*(U/T;k) 
and, since ioj = i U) they are the restrictions of the classes (i*(©w))wew u to U/T 
under the inclusion j. Therefore j* is surjective. Moreover, H*(U/T;k) is free and 
finitely generated, so the Leray-Hirsch theorem applies to the left edge of (|36|1 . We 
conclude that there are isomorphisms 

H*(BT;k) = H*(BU;k) ® k H*(U/T;k), 
H*(G/T;k) = H*(G/U;k) ® k H*(U/T;k), (37) 

expressing H*(BT;k) as a free module over H*(BU;k) with basis (6 w ) w6 w u > an d 
H*(G/T;k) as a free module over H*(G/U;k) with basis (i*(6 w )) we w u • Now let 
z e H*(G/U;k) and let a = s u (z) = s(q*(z)) e H*(BT;k). Then i*(a) = q*(z). 
Expanding a = ^ weWu x w6 w in terms of the basis elements 6 W with coefficients 
x w e H*(BU;k) and applying i* gives 

q*(z)=i*(a)= Y_ i*(^6 w )= Y. n»wH* (©»<)• ( 38 ) 
wgw u wew u 

On the other hand, expanding q*(z) in terms of the basis elements i*(6 w ) with 
coefficients in H*(G/U;k) gives q*(z) = z-1 = z-i*(6i). Upon comparing this 
formula with (|38|) we find J*(x w ) = for w ^ 1 and f*(xi) = z. Hence a = 
xi is contained in the submodule H*(BU;k) of H*(BT;k) and J* (a) = z. This 
shows that J*su(z) = z, i.e. Su is a section of J*. Let (cnjigj be a basis of the 
k-module H*(G/U;k), which is free and finitely generated by Lemma r5.4ljii|) . By 
f37jl . H*(G/T;k) is free over H*(G/U;k) of rank |W U |. Moreover, H*(G/T;k) is 
free over k of rank |W|, so |3| = |W|/|Wu|. By the Leray-Hirsch theorem (applied 
to the right edge of (|36|) ), (su(cii))i 6 3 is a basis of the (S w )k-module (S Wu )k, and 
therefore (S Wu ) k is free of rank |W|/|W U |. QED 

We can now prove versions of Proposition 12.21 and Theorem 12.61 relative to the 
subgroup U: G-equivariant cohomology determines U-equivariant cohomology and 
vice versa. As before, X denotes a topological G-space. 

5.8. Theorem. The hypotheses are as in Theorem 15.51 Let Ig,u be the aug- 
mentation left ideal of the algebra of (S w ^-linear endomorphisms of (S Wu )k- 
Then we have *k-algebra isomorphisms 

H* u (X; k) = (S Wu ) k ® (s w )k Hq (X; k) , (39) 
H* G (X;k) -Ht,(X;k) lG ^. (40) 
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Proof. Define 

s u :H*(G/U;k)^Ht I (X;k) 

by su = pr u os u, where pr u : Xu — > BU is the natural projection and su is as in 
Lemma [5771 Then §u is a section of the restriction map HJj(X;k) — > H*(G/U;k). 
Let {dijigj be a k-basis of H*(G/U;k) as in the proof of Lemma [5.71 Applying 
the Leray-Hirsch theorem to the fibre bundle G /U — > Xy — > Xu , we conclude that 
{su(di)}iea is a basis of H^(X;k) as a Hg(X;k)-module. The natural homomor- 
phism 

(S Wu ) k ® (s w )k H* G (X;k) — »Ht,(X;k) 

maps the basis element Su(cii) ® 1 of the module on the left to the basis element 
Su(cii) of the module on the right and therefore is an isomorphism. This proves 
(|39|) . It follows from Lemma [5771 that (S Wu ) k is a progenerator of the category of 
(S w ) k -modules. The isomorphism (|40|) now follows from ([39]) by applying the first 
Morita equivalence theorem as in the proof of Theorem l2.6l QED 



In particular, we find a U-equivariant version of the isomorphism (|34|) . 



5.9. Corollary. The hypotheses are as in Theorem 15.51 We have a k-algebra 
isomorphism 

Ht,(G/U;k)-(S Wu ® s wS w ") k . 

Proof. This follows immediately from Theorem l5.8l bv taking X = G/U and using 

H* G {G/U;k) = H*(BU;k) = (S Wu ) k . QED 



5.10. Corollary. The hypotheses are as in Theorem 15.51 In addition, if G has 
a root a such that a/2 6 X(T), assume that 2 is not a zero divisor in k. Then 
we have h-algebra isomorphisms 

H U (G/U;k) = (S k ) Wu ® (Sk) w (S k ) Wu , 

H^(G/U;k) -S k ® (Sk) w (S k ) Wu , 

H*(G/U;k)-(S k ) w Vlk. 

Proof. The root system of (U,T) is a subset of the root system of (G,T), so 
Corollary 12.121 applies to both G and U, telling us that (S w ) k = (S k ) w and 
(S Wu ) k = (S k ) Wu . The result now follows from Theorem l5~5l and Corollary 
IBT91 QED 

5.11. Example. Let G = U(n, H) and let U be the diagonal subgroup U(l,H) n . 
Then t(G) = t(U) = 1 , so Corollary 15.91 applies to any coefficient ring k. The 
space G/U is the variety of full flags of the quaternionic vector space H n . Let 
T = U(1 , C) n be the diagonal maximal torus of G and U. Then W u = (Z/2Z) n 
acts by sign changes on each of the coordinates of t = R n , and W = W x Wu 

acts by signed permutations on t, where W = S n - We have S = Zhji ,yz Hn], 

a polynomial ring in variables yt of degree 2. Let S' = S Wu and Xi — vl- Then 
S ' = Z[xi , %2, ■ ■ ■ , x-rj , so we obtain 

H^fGAljZ) SS'0 (S , F / S' s (S'® Z S')/L 
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Here I is the ideal of S'®zS' generated by all elements of the form u®1 — 1 (g>u, where 
u G S ' is a symmetric polynomial in the variables xt. Cf. Mare's paper [22], where 
this algebra is computed by a different method. The cohomology Hj[j(G/U;k) is 
now found by tensoring (S' ®z S')/I with k. Observe also that HJj(G/U;k) is not 
isomorphic to (Sk) Wu ®(s k ) w ($k) Wu if k has characteristic 2. This shows that the 
conditions of Corollarv l5.10l cannot be weakened. 
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